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Saturation and the "Universal" Spectrum for Vertical Profiles

of Horizontal Scalar Winds in the Atmosphere

E. M. DIWAN AND R E GOOD

Atmospherc Optics Branckh Air Farce Geoptysics Laboratory, Haise. Air Form Sasm Maachusetts

A- A theory is preseated which eplains the universal nature of onedimensionl vertical wave number, k,
power spectral densities (PSDs) of borisontal winds as measured in the atmosphere and predicted by
VAnZandt. The theory is that the PSD amplitude at any given wave number (greater than a certain
minimum, ko) is determined by its saturation value due ether to shear instability 0t. critical Richardson
Number) or. more likely, to convective instability. This explains why the PSD amplitude; observed do
not stow eaponentisily with inas altitud i saturation theory assumption plus other consider-
ations leads to a PSD of the form N'.' wereb the rnof about 2.5 to 3 and N is the Brunt
frequency. A simplified model involving superimposed Un t of gravity waves as wll as a model
based merely on dimensional arguments both Wad to a 3. full model not only explains the
observed spectral slope& but also predicts t m t in the troposphere to be 3.5 times smaller
than in the sratmsp )Tbe derivation of the model is based on the saturation condition that
I k3PSDik) dk - N.S model may also apply to the ocea and explain the Garrett-Munk vertical
wave number spectrum. ,<~ , I";,- ,"eP,,, :,' r ! ,& I -w

t. INiTiaoucrio only within a narrow thermocline and negligible outside of it.
In previous communications [Dewan e al. 1984] it was In addition, we consider a continuum of modes, whereas be

shown that the vertical wave number power spectral densities cisiders only the lowest mode. Finally, we consider the one-
(PSDa) of horizontal winds in the stratosphere were narly dimensional vertical wave number spectrum of the horizontal
identical over the wavelength range of 40 m to I km. This velocities, whereas be obtained the two-dimensional horizon-
occurred in spite of the fact that the data was obtained at tal wave number spectrum for the vertical displacement of a
different times of day (dawn versus dusk), during different sea- surface in the thermodine. Despite these differences, the key
sons (fall versus spring), and from different gegrapic to- element (namely, saturation by means of shear-induced turbu-
cations (White Sands Missile Range, Wallops Island, and Fort lnce) is exactly the same. In addition, our mathematical ap-
Churchill). As can be seen in Figure 1. both the dopes and proach will be identical to that of Phillips. Our second, but
amplitudes of the spectra are strikingly similar. VaaZandt related, model involves saturation through convective insta-
[1982] and Cira (1984) were the first to make the sugation bility induced turbulence. Both models give the same spectral
that the internal buoyancy waves of the atmosphere may have shape and dependence on buoyancy frequency. Convective
universal PSDs and to give the empirical basis behind it. The instability-induced saturation and saturation in general have
purpose of the present report is to present a physical expla. been extensively reviewed by Frits [1984]. The first treatment
nation of both the slope (n - -3 approximately) and univer- of saturation by convective instability was by Hodges [1967].
sal amplitude of the vertical wave number PSDs. The theory In section 5 a more exact but less physically obvious approach
has an important, testable prediction, namely, that there will be liven.
should be small departures from a constant amplitude of the In the following we shall very briefly review some basic
PSD, the largest being that the amplitudes of the tropospheric information that we need for this problem. The reader will
PSDs should be smaller by a factor of 3 or 4 than thoee from find extensive discussions by Rayleigh [1883]. Gill [1982), Phil-
the stratosphere. The latter prediction is induded in the spec- bps [1977, section 5.2], Turner [1973]. and Lghthill [1978].
tral model of Gaett a" Munk [1972]: however, the present We commence by listing the assumptions that we shall need.
theory gives a physical mechanism to explain it as regards These too are discussed at length in the cited references.
atmospheric spectra. (1) The earth's rotation has negligible effects [see Gill, 1982, p.

207]. 12) The fluid is statically stable. (3) The wave frequency,
2. SATuSATN Moet. Dua TO ca, is less than the buoyancy frequency, N. Finally, (4) we shall
KavtN-Hnm mLTZ JNSTAaLIrY assume the validity of the Boussaesq approximation.

The remarkably constant PSD amplitudes found in the Regarding assumption (4), it implies the following con-
work by Dewa et at. [1984] strongly suggest that the expla- ditions. (1) Effects of variations in density are negligible with
nation involves sturation.u In a work by Plillfis [1977. sec regard to acceleration or inertial effects. (2) The velocity flue-
tion 5.4] there is a description of a saturation theory for the tuations are small enough to make nonlinear effects negligbk
wave PSo. It involves internal waves saturating by mseans of (3) Density fluctu:tions consist of small deviations from equi.
shear or Kalvin-Helmholtz instability induced turbulence. The librium values. (4) The vertical scale of motion or vertical
first model to be given here is closely related to Phillips's wavelength is much less than a scale beight, H. We shall also
theory; however, it diffrs from it in several ways. For exam- ignore viscous effects and assume that the wavelengths are
pile, we assume a constant buoyancy frequency over the alti- smnll enough to allow one to ignore acoustic effects. This last
tude of interest, whereas Phillips assumes it to be appreciable condition is assured by the fact that our wavenumbers, , are

significantly larger than N/c, where c is the speed of sound
and N is the buoyancy frequency. Alo, we assume that var-

This paper is nt subject to US. copyright. Published in 1966 by ations of density, p. with respect to altitude, s, are much
the American O o icall Union. umndr then variations of vertieal velocity with respect to

Paper number 510877. height (a more eaplicit form of condition (4) above Finally,
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5km 2km 50om0, 0# Where
I0'km lO'km 0km 02M to

+2 LN'. ,(7)

is the buoyancy frequency squared [RaykLigh s13). With

compressible A"uds a term (-&/') is added to the right side
+1 of (7. The approimation is used that

DAMIELS
o- 4-16hm (this corresponds to Ikj * Il/Hi) and where

3  a2 as
ThEORTROP AVE C P 7 TN

0) (9)
-9 U33 P y

DCuI (NOV.) Equation (6) is very closely related to the Taylor-Goldstein
2-16k equation.

Under our assumptions (N2 is constant with respect to z) it
is known that (6) possesses wavelike solutions of the form
EMhlU, 1977)

-3 • '• w - W cap {k~x + ky + kz - cw)) (10)
-5 -4 -3 -2 -IM X~ 5  ) ~ (0

-3.?-33 -2.? -23 provided that the folowing condition is met:
LOG ks (elm) a k,,2 + k.2

Fit& 1. PSD from troposplisric and stfauqowrinI u N' k5 . + + k,'
of vennal prod). of oriaotal wus: Dah curves tro ptc)
am from Dautl (19C] and AkcA a.d Sivksw I I] (nm Figure where the right side is the square of the cosine of the angle
Z curve marked November). sl curv (s0r ) am from between kand the horizontal
Amuas d. (I4]. With the exceptioo ao Eedl's PSi. thus PS)oc
are the ted bass. The stospeic curves am based on Table I but As r the horizoota velocitm call thim sm. they also have
hav bae extrspolawd to A - O0 m. a wave solution or form

we eave out of aoum ean winds and consder only the p e (12)

perturbation velocities. o (from (4)

Newtoo second law, interms of flucuation s then ven k.v=iO (13)
by where is the th d sia fluctuation velocity. In other

(1) words, particle motion is limited to directions which are per-
PO'F _TXpeadicular to the wavenumber vector. Assum/ig conditions

a. o (13) aW (11) and hence the validity of (12) and (10, we can
Pe 7 - (2) wrift down the following relations which ar crucial for the

Ow -Or 3a

whee ps I te equilibrium density, p" is the departure fom (14)

ps.* # he aeuleration of gravity, is the departure of
pruair m equilibriusx r is the time.a adeWand w are 3" 0*

Componients of valoity Suctuations in the X, Y. and 8 direc- We* now turn to wave saturation sand commenc with th
does respectively. The equation of continuity for tbe ino- am due to shear instbility. At the outse It should be men-
proAlmid a toned that we treat the shear instability bee mainly for ma-

a . + " (4) ses o making our explanation clear. It is easier to consider

S+;+ 0 the convective Instability (L ., the one which is clearly the
moe probable on, since It is 4 time lower in threshold) as a

esod step in the discussion. As has been pointed out orIg-
a, ~ inally by Miles [1961. 1961 and Newwe l 96]. the Rich-

+ w I 0 () ardsoo number, Ri (defined as N/. wher S is the vertical
shear or the horizontal vdocity) obeys the following relation

We neot employ the standard procedure to eliminae the as the necessary condition for dyanamic instability (leadiuag to
pressure nsad density tass. DtW are to be Sond in far turbulence):
esam ap work byP Gi U d 1Ap, 129].Os Ot thus Andst IS )
wall known equation:

a' We shall follow Philps [1977 and take this as being also the
(9'w) + NIVS'w -0 (6) W Wdn condition for instability. This is Valid for practical
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purposes eCan "moush it is not rigorousy true mathematically. Of cours, if oue considers a band of Fourier components
Thus t condition on shear at the border Hane of turbulence is around a given k. the varianc (<0> would not be exactly

eqUal to jai*' Otthe Main coMpOeAML However. the variance
S'W3 4N2 (16) of such a biand would be proportional to u.1.

QX aN' (16) 24
NOW that Che; subscript "max" implie that (16) hod fo h For such a band the integral of the PSD reduces to.53 u shears along a wane train. Equation (16) can be

Splified. without Woss or generality, by choosing a coordinate I(k)Ak5 cc 80
2(k.,) (25)

system so that one horizontal a"is, say the y axis, is in theL
direction of fth horizonta velocity. 1t can be "~in"i that " Nuzt. we again folow Phillips and assume tat the band

so' a a"N 3 -4N2(17) width. Mk, is proportional to the central wave number, ie.,

k-02) Ak. c k.(26)
In order to closely examne the physical significance of (17) anW we turn our attention to the case where there are many

we consider a numerical example. Let waves containing such bandwidths. As Phillips put it, one can
v - i sin(kz)visualizea the field of gravity waves as "a random succession or

eiav sinup atr (5 differentt wavenumbcrs." In this case, the con-
At critical shear (19) gives tribution to the mean square velocity fluctuations from each

wave number region is

am cO - 2M (19) (u2(k.)j4.,.d cc #(kjk. (27)

where the argument of the cosine must be 0W or IsW. For whn1 2k>(9
Specicty. ltN- 2 x10-"s- and A, -500m.From (19) (u')m 6~(haAO'(A)A

the critical velocity amplitude is defned as Net as in the work by Phillfps'(19771. we make the assump-
A, tiont that all the wave number components are lumitdindivid-(uL,- (2N) - 3.18 ml (2) ually by the saturation condition. (17). We then have, with the

If % bad exactlythe value 3.18 m/s, thewave would be at. but eo(2)d(7
not over. the threshold of instability. In order th igas ta- #(kak. cc si0

2(k.) (29)
bility grow in a finite time, the value of me must ened 3.18 an.fom(1
in/s Consider the case of wu - 3.19 rn/s. It is easy to show
from (19) that the shbear will exceed the critical value over two O ac4N2 30
small regons, of depth 10 m in a wavelength of SW m. In
other words, each turbulent region in a wavelength will
occupy 2% of the wavelength, and there will be only two such This 15s the result we were secking.
regions in one wavelength. From this illustration at is clear Note that in (30) one has a proportionality, not an equality
that (1) the thickness of a turbulent layer can be very much (as was also true in Phillips's treatment). Note also the basic
smaller than the wavelength of the wave that caused it (thi is assumptions: (1) each wave number band saturates by the
true despite the fact that subsequent spreading or other t". shear inistability, (2) the wave bands a. scale as k, and (3) the
etns mechanism are possible) and (2) there is no fixed rek- wave bands saturate independently. These assumptions of
tion between Al and turbulent layer thickness Finally, it is Phillip% have met with success for the case he studied. How-
clear that waves which have velocity amplitudes above thresh- eve, them assumptions are not needed in the more exact
old will lose energy to turbulent dissipation until they reac tretmenit shown in section 5 below.
the Critical Ult When the latter occurs, the dissipation mothi- There is a far shorter and more direct method to obtain
snism wil no loge operate This is a classic: cane of "satta- (30) It is by t 'principle of similitude or "dimensional
ration.r antalysis." This appoach'sa validity rest completely on the ini-

Our Voal is to relate the one-dimensonal PSO, # (it. to the tia ASSumptio Wmde From (15) we can assume that if Satu-
saturation condition. First, we wish to star from (2) with ration due to the shear instability determines tk. then * must

depend upon the critical shear S 3 4N1 (let N be constant).
2 M 4N1) The only other variable that * would depend upon in thi case

(no),,is It. Using the fact that the dimensions of * are ELIT-2. and
those of S, and k, are [T-'] and E1713. respectively, one

As mentioned above. we duplicate the procedure given by immediately obtain
Phillps. The "is step a to review the fac that (as is weon
known) the tOta varietnes of the fluctuations is equal to the 4N5a(31)
PSD inegrated over all wave numbers (Philips 1977. section K3' A'0 IT
SA p. 2202

where a universal constant of proportionality of order unity is
#(k, A.~ (w00&))N,,,- a 10 (22) kh to be determined by Mean of eXperiment. This does raise

L4 n, the queston of how may of the assumptions made above are
In the special can ofa sm wave (e4g. (08)) which has a mingl act"aly aewast to arrve at (31) 0n the other hand, it
weveasmhsr It Iswsll knowsthat appears that our use of Ak atk. Is a erial or^, and the

dain1 -slonargument leaves this Mashe Well hidden. It is for
too,' 00~) (23) this reas tam we have givm bolh ilrvations in thspape.
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a' . . .end using (32) with the equality sign to denote the onset of
* a instability. we obtain the critical velocity as

vi.'(w), (37)

0 gas TO ximy calculations, let us cosie this in the two damo-
sions of x and z. a, let u stand for horizontal velocity. Then.

"'.". from (13) and (37 u(
-kju). - (w).. (38)

Using (38) in (37) giv(
806(a). -(39)

4ea Le. v is equal to the horizontal phase velocity, and using (I1)

I s . s with k, - 0,

S1W be sao 08 wud S " d' i Sd (u),, - (k.+h.)3(k,) (40)
.--. tAMcb or')

F4. 2. Aer AIdkh u- d Siqgrko [969. Fipum to]. Smoothed where we have folowed the argument of FrUs [1984] that
spectr for squams of wind proffes on April 11.1966. July S, 1%6 k. * k
ad November 10, 1%5. Tk -November" curve is ploted to A - S At this point one needs merely to repeat the arguments
kain Fpm I for compasoea folowing (21) in order to arrive at

*j N2  (41.)
Note that LAnemy [1964] arrived at a similar dependence to wkhc owtathe

that given in (31), for #. but be did so in an entily differet which shows that the saturation amplitude is 4 times smaller
cortlai ne, that of buoyancy subrange turbulence. AN than would be given by the shear instability mechanism. We
dimensional arguments ae subject to possible omission of un- shall assume that the convective instability controls saturation
derlying physics, as this case illustratu. in te more exact treatment of section S below. (See Gousard

and Hooke [1975] for further discussion of this instability.)
3. SATRA2T1OW Moims. To The approach or the shear instabfity would be altered by

Cotvacris INSTuTY replacing 4N3 by N1. In addition, the same dimensional
Hodge [1967] was the first person to suggest that ft satu- analysis derivation would be vi as was given above. There

tation due to convective instability could limit the amplitudes seems to be little question that the convective mechanism is
of upward propagating gravity waves. Frits [1984] has given the controlling factor in saturation when compared to the
an excellent review of this work and related subjects. We now shear mechanism
consider the effect of this particu mechanism upon #(kX, the
vertical wave number PSD. 4. CowuwN Wnt ExpiUmENrAL RjEULTS

The convective instability condition [see FrUs 1984] is 4.1. PSD Lo9-L09 Slopes
given by End/ici and Shngleton (1969] published PSDs from vertical

di 4ff () profiles of horizontal winds that were measured by means of
+ So ( radar-tracked jimspberes. Thes measurements were in the 200

m to 16 km altitude region, and the PSDs covered a wave-
where 8 and V are the mm and perturbation values o lenth rane o 100 m to 20 km (e Fiures and 2). Over the
posential temperature. Using a truncated Taylor expansion, it wavelength rang. or 100 m to S km they obeerved slopes oh

is uasy to show -*. When the range is reduced to 100 m to 7km, ahe slope is

d dose to -3, in agreement with our theory. At very large
ifi .. h ds(33) wavelengths (A > S kin) the) saw a pronounced Change (see

where A is the vertical displacement of the fluid parel causing
th fluctuation if. but. with the help 01(10) TABLE !. Fitted Log PSD Amplitudes and Slopes of PSDS From

/i I W dDewu ime teL194].

f - (34) Log PSiD Amplitudes
(From Fitted Lie)

henm, Brom (33) -I kmbeamfroLabe)l Wied Prolkb (m/ANOW/m SRO"e

(35) A May 22. 1973 3.0 -3.59 6 0.6
3 May 30 1978 3.28 -2.61 * 0.21

Taking the derivative of (35) with respect to s with dlds C April 6 177 3.41 -2.99 ± 0.09
D May 2. 197 3.27 -2.91 t 0.19

OOUlt 3 Sept. 12, 1978 3.55 -3.26 t. 07

(6 A-rW A gWe 3A2 -0.15 -30 t 0.33
(36) , ,
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TABLE 2 N Scalin .f Spectral Amludes

Isap.N~ x 0~'. , NSINJ
R41m0 Maio X o- - Upper Inverse

ka COMO'w S4 rsatpere Ra-do
0-10 Tropollim 43,s 10kin) 1.32 0.01 0.236 3.50

12-20 Lower stratosphere 4.41 0.0210 0"5 IDS
21-50 Upper stanosphers 4A2 0a02s 1 1.00
50-72 Lower melcsphere 2.74 (Lot"6 0.993 1.49
72-46 Upper msphere 3.6 41756 1.272
8"-1 Thermoeph. 436 135 0.952

Dased an US Standard Almasphere (1974.

Figure 2) It is necessary to choose wavelengths les than I kin matey constant in that It should vary between altitude regions
to eliminate effects from the Ions wavelengths in order to where X" difer sianificantly. Table 2 lists values of N2 for
observe the Saturation effects. differen altitude rams. As can be seen, a significant differ-

Dewan es a. [19&4] reporte pSD$ of such wind profiles mac in N3. and hen= r# amplitude, should exist between
* measured by the smoke trail method in the altitude rawg of stratospheric ma tropospheric values. Theory predicts a

13-37 km. They reported a slope or -3.07:t 0.3 in the wave factor of 3M difference in that case, the troposphere having the
length range of 20 m to I km. in agreement with theory (see smaller amplitudes.
Table I). They also reported a slope, if a ine wer fitte from As can be seen from Figure 1. the value of DanWess [1982]
1 km to 40 m. a -2Z7 ± 0.2; however, in the upper end of' PSD at wavelength equal to I km (partly in the troposphere)
their spectra which had a Nyquis, wavelength of 20 s, is indeed significantly smaller in relative value than the strato-
showed much curvature. By fiting up to 40 in, the hag Ny- spheric values of Dewme al . (1984 EndL~ik aW Saelon's
quisd value. it was presumed that aliasing effects would he (1969] value falls between them A cros is located at theoreti-
neglible; however, other artifacts such as mesurement error Cal value using N~so, - 1.32 x 104 rad' s-. The theoreti-
noise could e"tend to larger wavelengths. to view of this, one cal tropospheric averag (which is calculated from the strato-
may possibly regard the slope over I kmn to 200 mn as being the sphere average by multiplying the latte by Nuo,/Nfflt'r) is
more valid slope. On the other had see seton t. which in perfect agreement with experiment. This observation can be
shows that the saturation hypothesis is compatible with both considered as strong evidence that the PSD is determined by
of these slopes, saturation.

Roamerg et al. [1974] also reported PSDs based on NASA Finally. it should be mentioned that the strongest evidence
smoke trail measurements (vertical) in the altitude range of for our general saturation hypothesis lies in the following ob-
5-13 km and wavelength range 100 mn to 3.6 kmn. They cited servation. The amplitude of upward propagating buoyancy
an average slope of -2.75 * 0.. If they had restricted their waves if unsaturated increases at the inverse of the square root
wavelength range to the interval 1 km-100 a,. then one would of the atmospheric density (p)113 (san Gessard and Hooke
expect a somewhat steeper slope. This expected decrease in [1973, p. 761. This fact implies that the PSD amplitude, for
slope at smaller wave number can be seen in Figure 2. which any given wave number, would increas with altitude as the
is based on Eadlich's data. inverse of p. As can be seent from Table 3. this would cause

Finally. Dankkl (I12] reported on a total of 1200 vertical PSD amplitudes to icreas rapidly as a function or altitude.
profil measurements made with rawinsondes in the 4- to Since the experimental results or Figure 1 rule out such a
16-km altitude rang and wavelengths between 4 kmn and S0 dependence, the saturation hypothesi is strongly supported.
m. His spectral slopes were in the neighborhood of -2.5 (see (Note howeve, that the smoke trail method used for velocity
Figure I). Since only the resulting fit and not the actual PSD PSls was limited to fair weather conditions.)
is shown by Daniels, we believe the determination of the slope
was dominated by the long-wavelength region. If the wave- S. Twt BUoAD4BAN S&ATmlO MoDEL
lengt rag were limited to I kmn to 80 malten one would As has been previously mentioned. the *'narrow band treat-
expect the slope to approach -3, as was the case with the menat given above (wherein eachi bad is assumed to saturate
Endlieb data. Either slope as is shown in section S. is compat- independently) is crtainly only an approximation. The pur-
ible with saturation. pose of this section is to take into account the effects; of nll the

In conclusion, observations of spectal slope over the 100.m other bends upon the saturation ofa given band.

value of -3 in the sese that when all the observations are fluctuations oae ca, by definition. integrate the shear spec-
carefuly considered this elope is either directly supported or,
at least not ruled out. Casntamination from long wavelength
power is a problem, and carul PSD analysis is required to TADI.E & Density, ^ Falof With Altituade
arrive at the theoretical elope. Afhd% P-
4.2 mD An s km Real". O1kg/rn) (/P p)

Rews. CJ943 rpore the spectral slopes ftte to the lID 0 Treep" 1.23
li6 therap of 1 kms to 200 sa, Inhe averag of the log; mph-. t0 LOWr strtoshere 0A14 2.97
tude of 6& fdinedlw(to the PSD) at A- I kaisMA *0.1S 30 MWdiratcepher 1.84 x t0-8 46.

Tab I). This ema variailiy is good evidmnce sor stas5Oehm t03x X0" loD .19 M 103

fo 
90u 

o 
b m sb 

3 
2x 10 6 3.6x 

X3 JO

ratLo ftded. sadon (30 howsr, inplie that W (A)Mns
as NJ. which Is toemy that t ampliud is only approxi- *US Stadard Atssmoshr (3974)
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TABLE 4L Senivity Test Wo btodd

Vsnehl &, VID Ao Win B(A'is'Mc/r) aCommans

k... 23 x10-3  5 x 10..' niesushamor
2IO . O 10-3' 2A46 ci2 kwa hewro

x 100 2. x 103' xl]of 3.07 Siceuin k.
I x 104 2.5 x 10-3 5 x 10' 5.97 lqaaasitave)

S.3x 105 5~ Sx 10" .6 olIfr
5 12 S x 0 O3 Sx l0 T -.96 a o er cm ags a dw

Sx i0 x 10-5 5 x 10 1 O' 3.10 iacresaein k.
S x 10-S l0-, 5 x 10?' 312 (sat shive

2a1- 1.0 Sax 1" 3.16 fort"hirof.)
3 1a00 2.5 x102 .. .. xmcraam a faior
Sax 10S 2. x 102 5x 102 2.45 of 1.3 for afacior
SaxlO'- 2.S xl 10- 1 10 2.61 of16 increaw inl
Sax 103 2.5 x 102 2 x 30* 2.79 (mld smnsitivity)

allx 10 2 M5x103 3 x104 2.90
3 x105 2.5 x103 a x 0 3.27

N' - 3.35 x 10' H&2 for all cases These rous can be understood kor J'-*a ik - N'3. A
1eePIEned sope (larger x) decras abs integral, whle Lhe ancr ofk, kw. sand 5 ansse the

interaL

t1Mm, k3#. Over all wave numbers The borderline of the; COn. with those Of k (L9.. Wim as opposed to rad/rn); hence we take
vective '=aability Occurs (Under the 11um114110011nsteated pro- N" - 3.35 x l0-6 HaO. For 6,. we shall us the value (1/40
vtOuslY) whentR A- I. Hence one arives at (within a constant ta)l on the basis of Dewax e at . [19843. While it is true that the
very dlose to unity) latter measurements were carried out in the stratostphe, we

jk'*dk N' (42 ehal mum that the troposphere does not differ significantly
k3# A- N2(42) in thisl regain. As we shall see in Table4. t results for x t3

sri very insensitive to the value of L., hence this approxi-
The upper limit, k,. is the wave number where the waves haw mastion is aom problematic. Solving for x, we found n - 3.07.
bean reiplaced, for the most part, by turbulenice From this result we Aind good evidenc that in regard to the

There: is evidence that for wave numbers les than a certain value Of R the narrow-band approximation is a valid one.
value. k.. the spectruma bends over from the constant slope Table 4, as has already been mentioned, explores the sensgi-
regime to a regime which is flat and horizontal for the oceanic tivity a( x in (45) to changes in the input parameters. While
CAse [Garett aOW Munk 1972. 19753. For the atmospheric there is little sensitivity to k.. there is moderate sensitivity to
case, T. L. VanZandt (private conmunication, 1915) has sug- B (Or. equivalently, to N3) and a largte sensitivity to k,,.
gasted the analytical expression of the form In regard to the high sensitivity to k. values we must me

sPOnd to a remark made to us by 0. Fritts in private conver-
5(1 (43) sation (l96S) He suggested that at low values of k in Figure 2

there could be significant contributions from nongravitational
In the following we shal underisn that the region where the wave sources such as the jet stream For thsreason, he sug-
PSD gPe As k-* is Primarily governed by saturation, wheras Bested that one estimate k, and D from an alternate figure in
in the fist, horizontaal region there are Only iniredt conti- Lailic at Sineloes [1969, Figure 5] paper, in which the
butions to saturation The: shape Of the latter reigo is pre- PSD is calculated on the basis that mean winds (ixe. the
suma&* due to properties of the Wave sources as Well as to average over a number of profiles; taken on different days) are
mode interaction, but at preeent this remains an open removed by subtraction. On this basis we obtain B5m10'
question. (m'/s'kj& &Wdke - 3 x 10-4 (c/rn) if we retain k. .(/40

It is slicidlnt for Our Purposes to represent this situation by m) and N' - 3.35 x 106 H2'. we arrive at x - 2.70. This
anm of the simple exrsinvalue. while lower than 3.0 is not very much lower. and it is

* B (0~z k -C k') still reasonably consistent with slopes observed by Endlich
(44) and others (eg. Daniels, 19121 in the troposphere

# - A6-2 (k, :9k £c Lmj As we see. the present and more accurate model leads to
wher B Ak0-s EliinaingA a in" (4) ito 42) values of n that are not exactly equal to 3 but which are

whdiegr aing one Elimiaing A n netn 4)it 4) nverthekm consistent with our saturation hypothesis. With
5~d nt5Vt~f& OO obtinsthis in mind. the values of.a -. 5 sand 2.75 ±t .1 reported by

N3mBj3 (Bkon) (45 Daniels (1962] and Rosenbterg erat. [1974]. respectively. etc.,
3 L (3-n..) * (45) may possibly not be due merely to artifac as was suggested

previously. They may possibly have actually been doser to the
where nui 3 but whor a a be very close to 3 so far as . lop" in nature'In any cae,it is important to note that the
numsrlsal calculatdos aret concerned, broadband mnodel permits values of.n which are different from

Equmaton (45) can be easily solved numerically fOr X for 3 but that, to apply this model, one must have information
give. valus of NM3B A, nad k., In particular, wa determine about k,, A. B. and N.
a ha permatr based on Figure 2. There we infer tha In Passin& it should be mentioned that the spectrum found
ko =S 5O x V 0m (cycles/meter) and B = S x l0t by Gwetg eu Mnk (197Z. 1975] for the upper ocen (with,

(m3'~/m. pp"smstsl One 00 Obtailith a0 vMrP in their case, x - 25) my be entirely consistent with our
value of N for t*e troposphere from Table 2; howevar this explanSation Their PSO amplitudes certainly scale as N'. We

Value mums be divde by 2K to make th elnt GoUptible intend to treat thsin detail elswhere in the future
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Our saturation hypothesis slugss other testab" predic- PR INCU
tions. Sonme of these have been pointed out to ts by Smith, Daniels. 0.. Terretral environment (cliatic) crsta guielihn for
Fritis, and VanZandt. who plan to publish them in the near use in aercapamce vehicle development. IM6 Revision. NA$A Tech.

futue inGeolspial Rswcs Lier,.Hime. NAS*-TM4NA73. 1932.futre n Gophtski Asmach ~tes.Dewan. L. b. N. Groeshard. A. IF. Qusada. sad It. L. Good.
Spealm analysis or lea resouties isgar Velocity pr oie insh

6. St~sattavstrateepbls GeepWp. JIM Len.. U. 86-63X 1914. (Correction6. UMMRYGrqbAm "0Le.. 11.62W.1964
A simple physical explanation for t Sealy universl vert- Eadlic. P- U.. and L C. Nosintoa, SPectra analysis Of detaile

cal avenumer SD fr hrixnta wids hs ben resnt- vertical wind spu e " A65.I Am; M.. 26.697&-4N3. 19ed. wtares n ubr pianD i fo bozna winds bmbn - IPringa.D. c.. Gravity wave saturation in the middle xaospher: Aad.It ew n te Pausbleassmpiondia su PS Rmli- wigoftheoy sad ehratoios. Arv. Geophya.. 22. 275-306.tudes and shapes are determined by saturation due to turbu- In tug. wvs.Glunt breakdown. As was pointed out, thi genral appoach Garrett. C-. a"d W. Munk- Spestim scales of itra ae.Ge
has been used in fth physics of .ccan, surface waves and the- Phpa. A"ui D)W-. 2. 25-24. 1971

modie iternl wves Thethery pedits PSDdop jn Gaet. C.. ad Musk W. Spes-timjd mae internal waves: Amodie itana waes. a teM redits PSDdop in progee report. J. Gee~r. Lea., 80.291-297, 1975.the neigborhood o f -2.5 to -3 and an amplitude depen- GM. A. I., AmAmepr-ocau Dyunwskz p. 126. Acadeic. Orlando.
dence that scales ar X2. These predictions are in agreement Fla.. 1932.
with eaperiment. The N2 dependence as well as the approxi- Gonsad. L. L. and W. H. Hooks Wawarn ol. Afainare. Ensvier,
mate -3 sdope gives us two ways to test the theory. In partic- .*~ca R.~ 19. nrto ftruec n&e ams~ebular, the predicted difference of 3 to 4 between toospberi Hintesna ft. d t.Geeaton tublec inw she. u72 ertm5spere7b
and stratopheric PSD amplitudes seems to provide a practi- Howard,. L N.. Note on a paper of Joh W. Mils., . F&Wi Mhck. JO.
Cal test. 509.1961.

The simplicity of our model is one of its most iprat L Jhhll . WaWe in PWAi. chllp 4. Cambridge University Press.
asses Ut may also provide a phtysical explanation of the vert- Lule.J.L Tb Spetr3 of nearly inerial tusrbalemc in A stay
cal wave number PSD of the universal spectramde pro- statiie A", Ar Amn. SK. 21. 99-40 1964. row JFposed by Gaett ad Munk E1972.19753 for mesoscale ocean- Miles. J. W., CM the stablity Of heterogeneous0 shW 9os/ l
ic motions, at least for those situations and wave numbers Hek. 10, 494 1961.
where saturation can be proved to be a dominant factor. Me.e.k.. n th2 sailt o2etr27eossha1lw.9.. h

In the "it initial approach. our main asaumption in Puis 0. M.. M3 DjYMmsk of sh Upper 0ems. 2nd ed.. Cam-
cluded (I) k8 a k. (2) A. ac k,. and (3) individual Fourir brdg University Prows New York, 0977.
wave components saturate. Our more esact approach did Rasyleigh Lord (3. W- Stt). loveesigtion Of Ihe chacte Of the
away ith the need of these assumptions, and we found that x equilibrium of an incompressible heavy BMui or variable density.

can e difernt fom . Fuurepublcatins ill ddrssofr- . Ladrm. Mak. Sot.. 14, 1704177. 3383 (also in Sciraaillcan e dffeentfro I utue pbliatins illaddessfw- Papers. %Al.Z pp. 200-207. Dover. New YorI. 1964).
slier predictions or our approach. Rosenberg N. W., It. E Good, W. IC. Vickery. nnd E. M. Dows.

In thi paper our attention has been focused on a rap of Experuenotal havestisasion of small scale transport mechanism in
wavelengths that included 40 in to about 3 km. At the small the stratosphbere. A41AA I.. 12 104-1099.1J974- escale end it is assumed that turbulence effects become hmpor- Turer 3. S-. hopescj Elects 6' Fhks haP. 2. Cambidg Usnver

(at ,..ty Press New York. 1973.Mt t k. Vauzadt. T. E.. A univesal spectrum of buoyancy waves in the
atmsphere Gaspkys. La U . $.75-578. 1912
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